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The asymptot ic  of the motion originating because of shock incidence on a wedge cavity in a 
metal is investigated as the wave amplitude tends to zero.  It has been shown in [1] that the 
flow is hence divided into two domains.  The principal t e rm governing the flow in the f i rs t  
domain agrees  with the acoust ic  approximation.  The flow in the second domain is descr ibed 
by incompress ible  fluid equations in the principal t e rm.  Determination of the flow in the 
second domain is reduced here in  to the solution of a singular nonlinear integral  equation. 
A numerical  solution is found for a ser ies  of values of the cavity aper ture .  

1. A shock, parallel  to the xz plane and with constant  p ressure  p = Pi, proceeds over  a metal medium 
with a cutout wedge cavity whose edge coincides with the z axis,  the plane of s y m m e t r y  with the yz plane, 
and whose aper ture  is 2~/(~/< 7r/2). The equation of state of the medium is 

P~176 (5"S --  l) (1.1) p = - - ~  

The velocity ahead of the wave is u = 0, the p ressure  is p = 0, the density is p = P0, the speed of sound 
is c = c 0, the relative density is 5 = 1, and the entropy quantity is S = 1. At the time t = 0, the shock front 
in tersects  the edge of the cavity. For  t > 0 the flow in the metal becomes two-dimensional  and se l f - s imi la r ,  
i.e.,  the gasdynamics functions depend on two variables  ~ = x/ t ,  ~7 = y/t.  Since a plane shock of constant 
amplitude moves over  a substance at res t ,  then the flow behind the shock front will also have potential. By 
virtue of the se l f - s imi la r i ty ,  let  us r epresen t  the flow potential as 

(x, y, t) = t r  (~, ~]) ~(1.2) 

Determining the flow originating behind the shock front is possible by numerical  integration of the 
appropriate  sys tem of part ial  differential equations with two independent var iables .  However,  under an es-  
sential assumption about the smal lness  of the rat io 

e = Pl / poco ~ , ~ 1  (1.3) 

the asymptot ic  of the flow as e ~ 0  can be obtained. This problem was considered in [1] f rom this viewpoint. 
Starting f rom the smal lness  of the value of e, the acoustic approximation was wri t ten down. It turned out 
that it could be an approximation of the flow only in a domain I, where 

er~-~-~l, r=]/~2-4-~1~/co, a = n / 2 ( n - - 7 " )  ( ' h< :a< t )  
(1.4) 

The asymptotic of the flow in this domain as r 4 0  appears  thus: 

0 ~ 22-a~Co 2 COS 0,~] COS r (:~ - -  O)r ~ / ( a  - -  t )  

Moscow. Translated f rom Zhurnal l>rikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 3, pp. 129-138, 
May-June,  1972. Original ar t ic le  submitted November 9, 1971. 

�9 1974 Consultants Bureau, a division of Plenum Publishing Corporation, 227 Test 17th Street, New York, ,V. Y. lO01I. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. .l 
copy of this article is available from the publisher for $15.00. 

372 



6 - - . t ~ 4 e  cos a7 cos u ( n - - O ) r  ~ / ( a - f )  x 
0 = arc tg ~/~1. 

(i .5) 

In o r d e r  to cont inue  the s o l u t i o n  into  the d o m a i n  II,  w h e r e  

~r ~-~ ~ 0 (1) (1.6) 

a change  of v a r i a b l e  was  p e r f o r m e d  which  took a c c o u n t  of  the  de f in i t i on  (1.6) of the d o m a i n  II a s  wel l  a s  the 
a s y m p t o t i c  (1.5) 

(I)---- e21(e-~)CDz, B -- el/(2-~)~1, q ---- ell(~-~)ql, r---- e~/(2-:OR, 
- -  i = e~ / (~-~) A~ (I  .7)  

A domain of finite values of R, hence, corresponds to the domain If, and the passage into domain I 
corresponds to the passage to the limit R ~ .  As follows from substituting (1.7) into the system of gas- 
dynamics equations, the function ~i (}I, 71) should satisfy the Laplace equation in the principal term as ~--0, 
and for finite values of R, i .e. ,  the flow in this domain is described in the principal term by incompressible 
fluid equations. The determination of the asymptotic of the flow in this domain as s --0 is the purpose of 
the p r e s e n t  p a p e r .  

B e c a u s e  of the flow s y m m e t r y ,  i t  i s  s u f f i c i e n t  to e x a m i n e  a d o m a i n  bounded  by  the a x i s  of s y m m e t r y  
and an  unknown f r e e  b o u n d a r y  Vt = ~t(~l) ,  ~l -> 0, a f t e r  which the p r o b l e m  can  be f o r m u l a t e d  thus :  fo r  a 
g iven  ang le  7 ,  f ind the equa t ion  of the f r ee  b o u n d a r y  ~?i = Vi (~i) and the h a r m o n i c  func t ion  @~ (~l, Vi), s a t i s -  
fy ing the b o u n d a r y  cond i t i ons  on the f r ee  b o u n d a r y  

d~h ~)i*, -- nl (I .8) 

P (~,  ~h ( ~ ) )  = 0 (1.9) 

and on the axis of symmetry 

~P,~, = 0 

Moreover, for "merger" with the acoustic approximation as R ~ ~, the asymptotic 

2-~ 2 ( I ) i ~ 2  c o cos ay cos ct (n - -  O) R ~ / ( a _ i ) ~  

(1.10) 

(1.11) 

shou ld  ho ld ,  and  on the f r e e  b o u n d a r y  

~ i ~ t g  7~i 
(1.12) 

The s u b s c r i p t  1 i s  h e n c e f o r t h  o m i t t e d .  

2. The p r o b l e m  ju s t  f o r m u l a t e d  b e c o m e s  s i m i l a r  to the  p r o b l e m  of u n i f o r m  s u b m e r s i o n  of  a wedge  
in  a h a l f - s p a c e  o c c u p i e d  by  an  i d e a l  i n c o m p r e s s i b l e  f luid by  a s u b s t i t u t i o n .  Z~ N. D o b r o v o l ' s k a y a  s o l v e d  the 
p r o b l e m  abou t  a wedge  by  r e d u c i n g  i t  to s e e k i n g  the so lu t i on  of a c e r t a i n  s i n g u l a r  n o n l i n e a r  i n t e g r a l  equa -  
t ion  [2, 3]. Th is  me thod  is  a l s o  u sed  h e r e i n .  

Th~ c o m p l e x  po t en t i a l  

F (~) = ~P (~, q) ~- iT (~, ~) (2.1) 

is considered in the plane of the complex variable ~ = ~ + i T. 

The flow domain in the ~ plane is represented as the image for the vonfovmal mapping $ = ~ (w) of the 

upper half-plane of the complex variable w = u + iv. This mapping is constructed so that the origin (u = 0, 

v = 0) goes into the vertex of the free boundary ~A (~ = 0, ~ = ~?A ), the real positive half-axis (u -> 0, v = 0) 

goes into the axis of flow symmetry (~ = 0, V _< ~A), the negative half-axis (u ~ 0, v = 0) goes into the free 

boundary, and the point w = ~ into the point ~ = ~. Taking account of the asymptotic (1.12), it hence fol- 
lows that 

arg ~' (u) = - -  ~ / 2  for 0~< u <  oo (2.2) 
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arg ~ ' ( u ) - - ~ - - ( z / 2 q - 7 )  for u - -~ - -  oo (2.3) 

(here, and hencefor th ,  the pr ime ' d e n o t e s  the der ivat ive) .  

The potential  F(D hence,  goes over  into the function F(w) defined in the upper  w half-plane.  
connecting the functions C(w) and F(w) 

Re [iF" (u)] = Re [i~' (u)~-(u)] for - -  oo ~ u < 0 (2.4) 

p = 0 for - -  o o < u ~ 0  (2.5) 

follow f rom the boundary conditions (1.8) and (1.9), 

Re [iF'(u)] = 0  for, 0 < u < o o  (2.6) 

follows f rom the flow s y m m e t r y  condition (1.10), and finally, the asympto t ic  

F(~)---(2co)2-:'cosa':(i~)~/((x--i)n for ~ - - ~  (2.7) 

following f r o m  (1.11) should be sa t i s f ied .  

There fo re ,  the p rob lem can be formula ted  thus: de te rmine  two analyt ic  functions C(w) and F(w) by 
means  of the boundary conditions given on the rea l  axis  of the w plane and by the asympto t ic  a t  infinity. 
The determinat ion of these functions allows one degree  of a r b i t r a r i n e s s :  the var iab le  w can be multiplied 
by an a r b i t r a r y  posit ive constant.  

The potential  F(w) ean be e l iminated f rom the boundary conditions,  a f t e r  which, a boundary-value 
p rob lem is obtained for  the single function C(w). The Wagner function [4] 

Re latio ns 

r S d; 
ba 

(2.8) 

is used for  this purpose .  

The angle 7r/4 in the h plane will be the image of the flow domain in the C plane, where the free bound- 
a r y  is mapped onto the ray  0 _< a rg  h(D _< ~/4,  and the axis of s y m m e t r y  is mapped onto the ray  a rg  h(D =0 
(see Appendix 1). Hence 

h [~(w)] = Do w~/,, D o ~ O  (2.9) 

There fo re  

- = \ - d - o ; /  
(2.10) 

and, since the veloci ty of the apex of the free boundary C A coincides with the vec to r  CA, because  of se l f -  
s imi la r i ty ,  then 

w 

-1 dw (2.11) 
ct; = ;A + -Tg-.~ 

0 

(~'A is the complex conjugate of ~A)- 

Now F'(u) is eI iminated f rom the boundary condition (2.4) by using the quadra ture  (2.11) and, conse-  
quentIy, an in tegra l  equation for jus t  the single function C'(u) is obtained on the negative par t  of the r e a l a x i s :  

u 

,o {,:, (u)I ( u ) -  - , ~  if (u)1  - - 0  
0 

(2.12) 

where  ~'(u) is understood to be the l imi t  value of C'(w) as w ~ u .  It is convenient  to rep lace  the complex 
function C'(u) by the r ea l  function f(u) defined by the equali ty 

/ (u )  ~- argO'(u) q - ~ / 2 d r 7  (2.13) 
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To do t h i s ,  we i n t r o d u c e  the funct ion  

q (w) = --i In [lw~/" ~" (w)] 

It  fo l lows  f r o m  (2.13) and (2.2) tha t  

R e q ( w ) = / ( u )  for - -  ~ < u ~ 0 ,  Req(w)  = 0  for 0 < u < o o  

By using the S c h w a r t z  integral 

[} 

--co 

the func t ion  q(w) i s  r e p r o d u c e d  in  the whole  u p p e r  w ha l f -p l ane ,  and  then,  s '(w) i s  

(2.14) 

(2.15) 

(2.16) 

g ' (w)  = - -  i D w - ' t l  " exp [ J(w)l ,  D > 0 (2,17) 

a f t e r  which  an  i n t e g r a l  e q u a t i o n  fo r  the func t ion  f (u )  

d/(u) - -  Do~ (-- u)~" / =-'/' [--J(u)l  (2.18) 

du t6D ~ ~ [-- ul] -~ / = exp [J (ul)] dut 
0 

is  ob t a ined  a s  a r e s u l t  of  p a s s i n g  to the l i m i t  a s  w ~ u  in (2.17) a c c o r d i n g  to the Sokho t sk i i  t h e o r e m ,  and 
s u b s t i t u t i n g  the l i m i t  va lue  into (2.12), 

The s i n g u l a r  i n t e g r a l  J i s  u n d e r s t o o d  in the p r i n c i p a l  va lue  s e n s e .  T h e r e  fo l lows f r o m  the de f in i t ion  
(2.13) and  the a s y m p t o t i c  (2.5) tha t  

/ (--cr  = 0 (2.19) 

A f t e r  the func t ion  f (u )  has  been  found f r o m  (2.17) to the a c c u r a c y  of  the c o n s t a n t  ~A, the ma pp ing  
funct ion  ~(w), the equa t ion  of the f r ee  b o u n d a r y  

u 

(u) = ~a - -  iD  f u ~  1'~ exp [J (u~) + i / (u , )]  du~ (2.20) 
0 

and the velocity distribution 

w 
"Do e ~ u/~-'L 8Xp [ - -  ] (Wl) ] d w  1 F '  ( w ) =  ~A -~ ~ i6D ,) w l  (2 .21)  

0 

a r e  r e p r o d u c e d .  

The  p r e s s u r e  p is  d e t e r m i n e d  f r o m  the B e r n o u l l i  law.  

The d e s i r e d  func t ion  f (u )  shou ld  be bounded  b e c a u s e  of the de f in i t ion  (2.13). M o r e o v e r ,  i t  i s  h e n c e -  
f o r t h  a s s u m e d  tha t  f (u )  t ends  to z e r o  as  ( - u )  -k  a s  u ~ - %  and i t s  d e r i v a t i v e  f ' ( u )  a s  ( - u )  - (k+ l ) ,  w h e r e  
k > 0. Then,  the i n t e g r a l  J i s  f in i te  for  each  va lue  of  w, and  tends  to z e r o  a s  w ~ -  ~ .  H e n c e ,  the funct ion  
f (u)  has  a f in i te  nega t ive  d e r i v a t i v e  fo r  any  va lue  u ~ 0, and  the a s y m p t o t i c s  

Do ~ n -- 7 i(aY-a,) / 2,, Do z g --  ? i(a~-~)/2~ 
] (U) ~ 8D 2 47 -- 3a I tt 1' (U) ~ - -  16D~ 7 ! U (2.22) 

a r e  v a l i d  a s  u ~ - - ~ .  

T h e r e f o r e ,  the a s s u m p t i o n s  made  do not c o n t r a d i c t  (2.18) and k = (4T--37r)/2~. Since the d e r i v a t i v e  
f ' ( u )  i s  n e g a t i v e  fo r  any va lue  of  u, then  the func t ion  f (u)  i n c r e a s e s  mono tone ly  f r o m  f (0)  to 0 as  u v a r i e s  
b e t w e e n  0 and - ~ ;  hence ,  i t  t u r n s  out  tha t  the va lue  o f f ( 0 )  shou ld  s a t i s f y  the i n e q u a l i t y  

7--~<](0)<7--3/4 a (2.23) 
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Otherwise ,  it will  follow f r o m  the a sympto t i c  J(w) as  w - - 0  that  e i t he r  f(0)  - -  ~ o r  f(u)  - 0 ,  which is 
i nadmis s ib l e .  The inequal i ty  (2.23) has a g e o m e t r i c  meaning  because  the angle  /3 be tween the axis  of s y m -  
m e t r y  and the f ree  boundary  at  i ts ve r t ex  is defined by the equal i ty  

= ? - -  / (0) (2.24) 

To comple te  the fo rmula t ion  of  the p rob l em,  it is n e c e s s a r y  to find the value of the th ree ,  as  ye t  unde- 
t e r m i n e d ,  p a r a m e t e r s  (D 0, D, ~A). The i r  values  a r e  d e t e r m i n e d  by the g iven  a s y m p t o t i c  a t  infini ty.  Since 
F ' ( ~ ) - - 0  a s  ~--- :r then,  i t  follows f r o m  (2.2) 

- -  Do ~ ~ U'~/'~-V,,~ ,-, f(Ui) ] dtt 1 
0 

(2.25) 

Accord ing  to (2.17) and (2.21), a s  w ~ ~, the quant i ty  ~(w)-- ~,  and 

D~ ia n2-a (g -- 7)a-1. ~a-i (2.26) 
F '  (~) ~ D ~ 8 (2T -- n) 

The re  follows f r o m  a c o m p a r i s o n  with the g iven  a s y m p t o t i c  (2.7): 

Do ~ / D ~ = 16 (a)~-ic~ -:' cos ~3" / (2.27) 

It tu rns  out that  condi t ions  (2.25) and (2.27) de t e rmine  the flow comple te ly ,  s ince  upon compl iance  
with these condi t ions  the g r aphs  of the f ree  boundary  and the ve loc i ty  d i s t r ibu t ion  in the ~? plane a re  inde- 
pendent  of  spec i f ic  values  of  Do and D. 

Indeed,  le t  (DOl, D1) and (Do, D) be two pa i r s  of  number s  sa t i s fy ing  condi t ion (2.27). Then 

D o / Doi = (D / Di) ~'l~ = k -'/" (2.28) 

where k is some positive number. 

If f(u)  corresponds to (D01, D1), then f(u/k)  corresponds to (Do, D). Hence, ~(u) and F '(D,  correspond- 
ing to (Do, D) are defined by the formulas 

u/It 

~ (u) = ~A - -  iD1 f u;~/"exp [J(ui) + i f  (ul)l dul 
0 

(2.29) 

�9 Dol ~ -. 

/~' (~) = ~A + ~ ~ I Wl 7~-':.eXp [-- : (wl)l dwl 
0 

(2.30) 

i .e . ,  the shape of  the f ree  boundary  and the ve loc i ty  d i s t r ibu t ion  did not v a r y  in the ~ plane.  Hence ,  D02/116 D 2 
can be taken equal  to one. But then,  

D = c o [(a) ~-1 cos aTl 1/(2-~)~1 / <~-~), Do = 4D (2.31) 

3. Thus ,  the p r o b l e m  has  been  r educed  to seek ing  the solut ion f (u)  of the in tegra l  equat ion (2,18) with 
the ini t ia l  value (2.19). The function f(u)  should be a bounded,  d i f fe ren t iab le ,  and monotone ly  d e c r e a s i n g  
funct ion of  u 

where  

/ (o) ~< / (u) < 0 (3.1) 

- -  n < ] (0) < y - -  3/4 n ( 3 . 2 )  

The numer i ca l  solut ion of (2.18) was  c a r r i e d  out by an i t e ra t ion  method fo r  a s e r i e s  of values  of  y in 
the range  0 < y < ~r/2. Taking into accoun t  that  the value obtained fo r  f(0)  in some i t e ra t ion  s tep  can  
e m e r g e  outs ide the admiss ib l e  i n t e rva l  (3.2), the i t e ra t ion  p r o c e s s  was  cons t ruc t ed  as  fol lows.  As a r e s u l t  
of  subst i tu t ing the funct ion fn-1  (u) in the r igh t  s ide of (2.18) in the n-th s tep ,  le t  the funct ion fn l  (u) be o b -  
tained,  and let 
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X : / n l  (0) / / n -1  (0) ( 3 . 3 )  

Then,  the func t ion  

]~ (u) = / ~  (o) (1 + u- ' ) / . ,  (.) (3.4) 

is obta ined  as  the r e s u l t  of the n-th i t e r a t i o n ,  where  

tT -- ~ -- t~_~ (0)) (T -- ~/~ --/~_: (0)) (z -- t) 
L~ (0) = / ~ _ :  (0) - -  (T - -  n - - / = _ :  (0)) - -  (~ - -  ~/ ,~ - - / ~ _ ~  (0)) (3.5) 

If fn_l(u) is a bounded func t ion  of u in  the i n t e r v a l  - - ~  < u < O, which s a t i s f i e s  condi t ion  (3.2) and the 
a s y m p t o t i c  (2.22), toge the r  with i ts  d e r i v a t i v e ,  then 

0 

t I ]n-1 (uD du 1--~ 0 
J ,~ -1  ( u )  = --if- ~,~ _ ~ . 

- - a a  

(3.6) 

as  u . . . .  Hence ,  as  u - - - : r  the funct ions  fn_l(u) and fn(U) toge the r  with t he i r  d e r i v a t i v e s  wi l l  s a t i s fy  the 
a s y m p t o t i c  (2.22) by v i r tue  of (2.18) and (3.5). 

4. The funct ion  fnl(U) is  d e t e r m i n e d  by the equa t ion  

df m (-- u) (~-3~) 12= exp [--Jn- t  (u)] 
- -  = (/,~ (-- ~) = 0) ( 4 . 1 )  
du i (-- v)-~ /~" exp [Y,~-i (v)] dv 

0 

Since fn_l(O) = T ' B ,  where  ~ is  some  quant i ty  s a t i s fy ing  the inequa l i ty  ~ ~ < B < ~, then as u ~ 0  

]~-~ (u) ~ [(~" - ~) / nl  In  ( -  u), d / ~  ~ A ( - -  u) %~ / ~.-v~ __> cr (4,2) 

a s  u ~ - ~  

d/nl / du ~ ( - -  u) (~-5~) / 2~ (4.3) 

F o r  conven ience  in the n u m e r i c a l  i n t e g r a t i o n  i t  is d e s i r a b l e  to r e p l a c e  (4.1) by an  equ iva l en t  equa t ion  
o r  s y s t e m  of equa t i ons ,  where  the i n t e r v a l  of i n t e g r a t i o n  would be f in i te ,  and the re  would be no d i v e r g e n t  
i n t e g r a l s  and inf in i te  d e r i v a t i v e s .  This  p r o g r a m  was r e a l i z e d  as  fol lows.  

The f ini te  i n t e r v a l  of i n t e g r a t i o n  0 > u > - ~ was r educed  to the f ini te  i n t e r v a l  0 < T < 1 by us ing  the 
change of v a r i a b l e  

u -~ - -  T s (t - -  ~)-x (6 = 2n / (4~--3,~), k = n / (6 -- T)) (4.4) 

In o r d e r  to avoid  d i v e r g e n t  i n t e g r a l s ,  the Cauchy-type i n t e g r a l  in the r i gh t  s ide was r e p r e s e n t e d  as  
fol lows:  

0 0 r, [i , l(0)lo ,_ u, 
~ _ ~ = --if- ~ ,~-1 ( v )  - -  t --'----'7 d v  - t -  .~ ( t  - -  u)  

(4 .5 )  

The i n t e g r a l  in  the d e n o m i n a t o r  of (4.1) was computed  by i n t e g r a t i n g  a d i f f e r en t i a l  equa t ion  for  some  
funct ion  )~n(U) r e l a t e d  to the i n t e g r a l  as follows" 

I (-- v) -': /~: exp [J,_l (v)] dv = ( -- u)(~-P) l'~l)~ n (u) 
o 

(4.6) 

Such a r e p r e s e n t a t i o n  is  connec ted  with the fact  that  as  u ~ 0  the i n t e g r a l  on the lef t  tends  to zero  as  
( -  u) 6r-fi)/~, and to in f in i ty  as u ~ -  r162 . 
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TABLE 1 

~ ~A, km/sec 

i i  ~124 
5~/i2 

n/3 
~/4 
hi6 
nit2 
~/24 

2.8762 
2.9148 
2.99i5 
3.0468 
3.0905 
3.i260 
3.i384 

i.6563 
i.9443 
2.2988 
3j5548 
4.8422 
7.5936 

ii.6282 

F o r  s m o o t h n e s s  of the c o m p u t a t i o n  a s  7 ~ 1 ,  the funct ion  f n l  was  
r e p l a c e d  by  the funct ion Rnl in  c o n f o r m i t y  wi th  the  f o r m u l a  

f = R [l ~- ( - -  u) (r ] (4.7) 

A f t e r  p e r f o r m i n g  the m a n i p u l a t i o n s  (4.4)-(4.7),  Eq. (4.1) was  r e -  
p l a c e d  by  the e q u i v a l e n t  s y s t e m  of  equa t ions  

d~ndv ~L"~ ' - ~ [ 8  ~_y_~_~ji l[%,~Ln_~(~) _ ~ _ ~ n  ~ ~ ] (4.8) 

_ ~ r [ t 
L~_--~ ~- a J z +  0--~)~/~ (4.9) dr 

w h e r e  

1 

[y~ (t -- y)-~ -- -& (t --:~)-Xl 0 

~_~ (o) I 
~ - ~  (y) = [~,~_~ (y) ( l  + y ( l  - -  y)-~ / ~) - -  t + ~ (~ - ~)-~ J 

(4.10) 

The i n t e g r a l  in Ln4(~)  i s  u n d e r s t o o d  in the  p r i n c i p a l  va lue  s e n s e ,  i . e . ,  

i [5 (l -- y) § ky] y~-~ (l --  y)-(x+o q~ (Y) dy = 
[u s (t - -  y)-~ - -  ~ (t - -  T)-~] 0 

(4.11) 

1 

= f l [8 (l - y) + xyl y~-~ (t - y)-(~+') ~ (~) y - yS (1 --  y)-~" -- r ~ (1 -- r) -x 0 

I n t e g r a t i o n  of  the s y s t e m  (4.8), (4.9) was  c a r r i e d  out  in two s t e p s .  

1. Equa t ion  (4.8) was  i n t e g r a t e d  b e t w e e n  7 = 0 and 7 = 1 

X~ (0) = - -  ~-~  (n  - -  ~) Ln_~(0) ,  % ( i )  = 0 ( 4 . 1 2 )  

The po in t  (~- = 0, • = • i s  a s a d d l e  poin t ,  and the po in t  (~- = 1, X = 0) i s  a node fo r  (4 .1) .  E m e r g e n c e  
f r o m  the poin t  (7 = 0, ~( = • i s  a c c o m p l i s h e d  a c c o r d i n g  to the a s y m p t o t i c  

n2 (2~ - -  n) Ln_ ~ (0) 
(4.13) 

the i n t e g r a l  cu rve  hence  a r r i v e s  at  the poin t  7 = 1, X = 0 in c o n f o r m i t y  wi th  the a s y m p t o t i c  

~)c~-~) / (~-'0 8 ( l - ~ ) + c ( l -  ] ( l - ~ ) + . . .  (4.14) 

w h e r e  C i s  a c o n s t a n t  ob ta ined  a s  a r e s u l t  of the i n t e g r a t i o n .  

2. A f t e r  the funct ion ~(n(T) has  b e e n  ob ta ined ,  (4~ 9) was  i n t e g r a t e d  b e t w e e n  7 = 1 and T = 0. As 7 ~ 1 ,  
the func t ion  Rm(7) - - 0 .  F o r  a b e t t e r  c o m p u t a t i o n  of  the a s y m p t o t i c  (4.14) i t  i s  e x p e d i e n t  to r e p r e s e n t  the 

funct ion  Rn~ (7) a s  fo l lows :  

R /T ' ~  2 ( n - 7 )  {l ( 1 - - ~ )  ~:/~ [ t  - A ( ~ -  26) (4T'3~) 
~ ~ ~ ~ (t - -  ~)2 _ § ~ (~ " 3 6 )  (4~ - 3~) ~ G , 3 8 ) ( t _ r  P ( t - - ~ ) ~ - . . .  (4.15) 

The va lue  of the funct ion  Rn(7) a t  7 = 0 can  be o b t a i n e d  only  a s  a r e s u l t  of i n t e g r a t i o n .  
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Fig. 1 

Equa t ions  (4.8) and  (4.9) w e r e  i n t e g r a t e d  by the E u l e r  me thod  with  
a c o n v e r s i o n  with a c o n s t a n t  s t e p  h,  and the i n t e g r a l s  w e r e  c o m p u t e d  by 
the Gauss  f o r m u l a  with n nodes .  I t  t u rns  out  tha t  h = 0.01 and n = 16 
a s s u r e  s u f f i c i e n t  a c c u r a c y .  

5. In c o n f o r m i t y  wi th  (4.4) and  (4.7), the d e s i r e d  func t ion  b e c a m e  
R(~). The i t e r a t i o n  f o r m u l a s  (3.3)-(3.5) w e r e  t r a n s f o r m e d  c o r r e s p o n d -  
ing ly .  A m o n o t o n e l y  i n c r e a s i n g  funct ion of ~, which s a t i s f i e s  the con-- 
d i t io  ns 

~'--n~Ro(0)~7--~h~, ~o(~)~ ~(~-~)(l--~)~ fo~ ~-~i (5.1) 

was  t a k e n  a s  R0(v). 

The i t e r a t i o n s  w e r e  c a r r i e d  out  unt i l  the i ne qua l i t y  

M (n) = max [ Rux (~) / g~_~ (x) - -  I I -~ 0.00i (5 ~ 

was  s a t i s f i e d .  

F o r  the s e l e c t e d  i t e r a t i o n  me thod  the func t ion  M(n) t u r n e d  out  to be m o n o t o n e l y  d e c r e a s i n g  and  t end-  
ing r a p i d l y  to z e r o .  As the ang le  y d e c r e a s e d  the n u m b e r  of i t e r a t i o n s  needed  to s a t i s f y  (5.2) g r e w .  

The func t ion  R(v) ob t a ined  was  used  to d e t e r m i n e  the p r o f i l e  of  the f r ee  b o u n d a r y  in c o n f o r m i t y  wi th  
the equa t ions  

= ~sr I ~)-~(~-~)/~, ~l = ~A + ~ ( ~ - ~ ) / ~ ( i - -  ~)-xc~-~)/~ql 

d~l d?]l ----- - -  a (tr) Cos b ( 'f) jA_ ~]lc (~f) ( 5 , 3 )  d~ = a (v) sin b (v) -k r (~), 

a ( ~ ) - - - - D [ ~ ( ~ - - I ) / ~ - - M L ( ~ )  

c ('~) = (f l  - -  ~ )  ~ / ~'~ - -  ( ~  - -  7 ) ~  / ~; ( i  - -  "0 

The va lue  of  ~A a g r e e i n g  wi th  the v e l o c i t y  a t  the v e r t e x  of the f r ee  boundary i s  d e t e r m i n e d  a c c o r d i n g  
to (2.25) by  the f o r m u l a  

1 1 

J k n j u1§ ~ ~ 1--~j 
0 0 

u = ~ (1 - -  ~ ) - ~ ,  u~ = ~ (1 - -  ~ ) - x ,  l = 2 ~  / (2~  - -  a ) ,  k = ~ / ( ~  - -  2v) 
(5.4) 

P r o f i l e s  of  ghe f r ee  b o u n d a r i e s  w e r e  d e t e r m i n e d  for  a s e r i e s  of v a l u e s  of the angle  y .  A t ab le  of the 
a p p r o p r i a t e  v a l u e s  of  the a n g l e s  y ,  fi, and  the quan t i t y  VA i s  p r e s e n t e d  above .  P r e s e n t e d  in the s k e t c h  a r e  
g r a p h s  of  the f r e e  b o u n d a r i e s  in  the }~ p lane  de f ined  in  Sec t ion  1. The v a l u e s  of  ~?A and the g r a p h s  of the 
f r e e  b o u n d a r i e s  c o r r e s p o n d  to the  v a l u e s  e = 0.1 and c o = 5.5 k m / s e c .  

As fo l lows  f r o m  the t ab le  p r e s e n t e d ,  a s  Y ~ 7r/2, the ang le  /3 i s  c l o s e  to 0.9 zr. On the o t h e r  hand ,  fo r  
a c a v i t y  a p e r t u r e  2 7 = zr the va lue  of  the ang le  i s  e v i d e n t l y / 3  = z:/2. T h e r e f o r e ,  an a r b i t r a r i l y  s m a l l  d e v i a -  
t ion  of  the ang le  y f r o m  7r/2 wi l l  r e s u l t  in a f in i te  change  in  the  ang le  B" 

The n u m e r i c a l  s o l u t i o n  of  th i s  p r o b l e m  was  p e r f o r m e d  on the Bt~SM-4 e l e c t r o n i c  c o m p u t e r .  

A c o m p u t a t i o n  of shock  i n c i d e n c e  on a wedge  c a v i t y  was  p e r f o r m e d  by a d i f f e r e n c e  me thod  fo r  the 
va lue  of y = 7r/4 of  the a n g l e .  The m e t h o d  d e v e l o p e d  by  So K. Godunov,  A. V. Z a b r o d i n ,  L. A. P l i n e r ,  and 
G. P.  P r o k o p o v  to compu te  t w o - d i m e n s i o n a l  n o n s t a t i o n a r y  g a s d y n a m i c s  p r o b l e m s  in d o m a i n s  wi th  c o m p l e x  
g e o m e t r y  was  used .  The g r a p h  thus ob t a ined  fo r  the f r e e  b o u n d a r y  i s  s u p e r p o s e d  on the f i gu re  by  d a s h e s  
fo r  c o m p a r i s o n .  The a u t h o r  i s  g r a t e f u l  to A. V. Z a b r o d i n ,  L.  A. P l i n e r ,  and G. P .  P r o k o p o v  for  usefu l  
d i s c u s s i o n  of  the r e s u l t s ,  and to N. V. Ban ichuk  fo r  p r o g r a m m i n g  and a n a l y s i s .  

A P P E N D I X  

The ang le  

0 ~ a r g h ( [ ) ~ g / 4  

is  the i m a g e  of  the flow d o m a i n  in  the h p l ane .  
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Indeed ,  i t  fo l lows f r o m  (1 ~ and (1.9) tha t  the  r e l a t i o n s h i p  

d2F / d ~  ~ - -  sd~s / d~ ~- (I) 

i s  va l id  a long  the f r ee  b o u n d a r y ,  w h e r e  s i s  the a r c  length  m e a s u r e d  f r o m  the v e r t e x  of the f r ee  b o u n d a r y  
~A [5]. Since  

d~ / d~ = Jg (') (2) 

w h e r e  g(s) i s  a r e a l  funct ion ,  then ,  by v i r t u e  of (2.8), (1), and (2) 

h (~) ]/'i-Zg" (s) ds (3) 
o 

It is assumed that the free boundary has a curvature of constant sign, namely g'(s) > 0o (For g'(s) < 0 
the asymptotic (2.7) cannot be satisfied.) Then, arg h([) = ~/4 on the free boundary by virtue of (3). Fur- 
thermore, along the axis of symmetry } = 0 

d~F 020 I 
a ~  = - -~ -  ~=o 

U n d e r  the na tu r a l  a s s u m p t i o n  tha t  the v e l o c i t y  on the ax i s  of  s y m m e t r y  i s  a monotone  funct ion of 7, 
the s ign  of d2F/d~  2 a g r e e s  with the s i g n  ob ta ined  f r o m  the a s y m p t o t i c  (2.7) 

d"-F / d~ ~ ~ - -  (2c0) 2-~ cos ct7 (--B) ~-2 < 0 for ~1 --* -- ~ (4) 

Hence ,  a long  the a x i s  of s y m m e t r y  

-n A 

and h(~) c o i n c i d e s  wi th  the r e a l  p o s i t i v e  ax i s  (hi--- 0,  h 2 = 0). Since  ~2< ~ < 1, then  i t  fo l lows  f r o m  (2.7) 
tha t  for  ~ - -  ~ the i n t e g r a l  de f in ing  h(D d i v e r g e s  and h(D ~ ~ a s  ~ - - ~ .  It fo l lows  f r o m  the s a m e  a s y m p -  
to t i c  (2.7) tha t  the i m a g e  of  the flow in the h p lane  wi l l  be the i n t e r i o r  of  the ang le  o b t a i n e d .  

(5) 

I. 

2. 

3. 

4. 
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